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Absfracf-This paper introduces a new method for stability 
analysis and design of a fast voltage loop in rectifiers with 
power factor correction (PFC). The method is based on the 
cirele criterion, which unifies tools for nonlinear system 
analysis with frequency domain analysis tools used in linear 
systems. The controller design procedure is demonstrated and 
experimentally verified on two experimental systems that are 
built around a SOOW digitally-controlled boost-based PFC. In 
the first system, the expansion of the voltage loop bandwidth is 
allowed by introduction of a self-tuning comb filter (STCF) for 
the output voltage ripple elimination. I n  the second 
experimental set-up, the fast voltage loop is enabled through 
utilization of a “dead-zone” in analog-to-digital conversion. 

I. INTRODUCTION 

A conventional power factor correction (PFC) rectifier 
based on a high-frequency switching power converter 
consists of a power stage controlled by two interconnected 
feedback loops, a wide bandwidth current loop and a slow 
voltage loop. The purpose of the current loop is to make the 
input port of the PFC behave as an emulated resistor. This is 
accomplished by forcing the input current of the PFC to 
follow the wave-shape of the input voltage source. The 
voltage loop’s task is to keep the output voltage regulated by 
changing the ratio between the input voltage and the current, 
i.e., by changing the emulated resistance R,. An equivalent 
circuit of the PFC is shown in Fig. 1 [ I ] .  The power stage 
with the wide bandwidth current loop is modeled as an 
emulated lossless resistor R, and a controlled power source. 
The power delivered by the source can be expressed as [I ] :  

where V , ,  is the rms value of the input line voltage. Since 
this power has a dc component and a component at twice the 
line frequency, there is an output voltage ripple at twice the 
line frequency (and harmonics) across the output filter 
capacitor C. The voltage loop cannot attempt to remove this 
ripple because this would cause the emulated resistance to 
change at the frequency higher than the line frequency, and 
consequently would result in a significant distortion of the 
input current waveform [I, 21. 

The most common solution is to minimize the voltage 
ripple’s influence by closing the voltage control loop at a 
frequency significantly lower than the ripple frequency 
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Fig.1 Large signal model of a PFC circuit 

(usually 10-20 Hz). Th: main shortcoming of this approach 
is a slow response to disturbances in the circuit, which may 
result in additional stresses on the components and requires 
over-design of the I’FC and a downstream dc-to-dc 
converter. 

In order to eliminate the ripple’s influence and enable 
faster voltage control loop, various methods have been 
proposed [3-1 I], including ripple cancellation [3-61, 
regulation band circuit [3-5,7], digital filtering of the 
voltage ripple [IO], or ntilization of a “dead zone” in analog- 
to-digital conversion [ I I]. A problem associated with the 
fast voltage loop design is that the nonlinear time-varying 
nature of the system doss not allow application of traditional 
stability analysis and compensator design techniques. A 
method for fast voltage loop design was presented in [6],  but 
only for the specific ripple-feedback cancellation scheme 
proposed in the same paper. 

In this paper, we present a new, more general method for 
the stability analysis and design of a fast voltage loop 
controller, which can be applied with many previously 
developed techniques for elimination of the ripple’s 
influence in the voltagl: loop. The proposed method, based 
on the circle criterion [12], can be used to confirm the 
system stability under all operating conditions. 

The paper is orgaiized as follows: the problem of 
nonlinear, time-varying: nature of the fast voltage loop is 
addressed in Section 11. In Section 111, an introduction to the 
circle criterion is given. Two design examples which shown 
how the circle criterion can be applied for the stability 
analysis of the fast vokage loop are given in Section IV. In 
Section V, experimental results illustrating the fast voltage 
loop operation are presented. 
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11. TIME-VARYING NONLINEAR NATURE OF’THE FAST 
VOLTAGE LOOP 

The large-signal PFC model shown in Fig. 1 is a time- 
varying nonlinear system. The output voltage has nonlinear 
dependence on the instantaneous power from the power 
source, which varies at twice the line frequency. In addition, 
the instantaneous power depends on the magnitude of the 
line voltage and on the ratio RJvc,,,, where R., is the gain of 
the sensor for the input current measurement, and v,, is the 
signal at the output of the voltage loop compensator G,. The 
conventional modeling method used in the design of a slow 
voltage loop is based on averaging the voltage loop 
waveforms over the line period, and then on linearization of 
the resulting large-signal averaged model [l]. This method 
cannot be applied here. Since the voltage loop bandwidth is 
much wider, time-varying components at twice the line 
frequency and beyond cannot be neglected. The approach 
proposed in this paper to address the fast voltage loop design 
in the system of Fig. I is based on the circle theorem [12], 
which is briefly described in the next section. 

111. CIRCLE CRITERION 

The circle theorem [I21 results in a method for analysis of 
nonlinear time-varying systems, and gives a sufficient 
condition for the closed loop system stability. This theorem 
provides a link between the tools for nonlinear system 
analysis and the transfer function concepts used in the linear 
control theory. In this section, we summarize the results that 
we use in the method proposed in this paper. The system 
under consideration is shown in Fig. 2.  It consists of a linear- 
time invariant element, with transfer function H(j’o), and a 
time-varying nonlinear block N .  

The stability of this closed loop system is assessed 
through three main steps. First, the nonlinear element is 
characterized with a sector (a$}, which bounds the graph 
that characterizes N in the input-output plane. Next, based 
on the sector‘s size in the input-output plane, the complex 
plane is divided into two parts: a critical region (a circle or a 
half-plane), and the remaining region (“stable section”). 
Finally, the frequency response of the linear part in the 
complex plane is plotted (as a Nyquist diagram). The system 
is stable if the Nyquist diagram stays away from the critical 
region. 

A. 
In this part, the sector {a$) and the product sector, which 

is important for the stability analysis of the fast voltage loop 
with multiple nonlinearities, are introduced. 

Restrictions set on the nonlinear element and important 
definitions for the analysis that will be presented in the 
following sections are listed below: 
9 N is assumed to be inside a sector {4m, which means 

that N(x) satisfies the inequality cu < N(x) < @, where x 
is the input and N(x) is the output of the nonlinear 
element. In other words, N is inside the sector {a$} if its 
graph lies in the segment of the input-output plane 

Sector {GP} and the product sector 

N 
nonlinear time-varying 

L I ‘ I  
I I 

Fig.2 Block diagram of a closed Imp system, consisting ofa time-varying 
nonlinear block Nand a linear time-invariant block H.  

bounded by two lines, with slopes a and 0, respectively. 
Additionally, it is assumed that N is incrementally inside 
the sector (a,p}, where p is a positive number. This 
means that slope (incremental gain) of N is also limited 
by the gains a and p, 

x - Y  
1 For the case when a nonlinear system consists of several 

nonlinearties connected in series, the sector (a$) of the 
system can be defined as the product sector of the sectors 
that bound the system’s nonlinearities [12]. The product 
sector of the sectors {a&} and (a&} is the sector 
{ a , ~ = ( a l , ~ t } x ( a z , ~ }  defined by the interval of real 
numbers: 

[@l={xu, X E  [ ~ I , P I I  and y e  [a,P21}, (3) 

i.e., the product sector can be described as a point-wise 
product of the corresponding intervals, 
isP) = 1 w 2 , P I b ) .  

E. Critical region 
The slopes a and p of a sector {a$},  define the critical 

region in the complex plane. 
In the complex plane, for a > 0 the critical region is a disc 

whose center is halfway between the points -I/a and - I @ ,  
and whose diameter is greater than the distance between 
these two points. For the case when n equals 0, the critical 
region becomes a half-plane bounded by the vertical line that 
crosses the point -lip. 

The critical region divides the complex plane into two 
sections, stable and unstable. These two regions combined 
with the Nyquist plot of the linear part of the system HGw) 
can be used for the stability assessment. 

C. Stability assessment based on the circle’criterion 
According to the circle criterion [12], the closed loop 

system of Fig. 2 is bounded-input bounded-output stable if 
the nonlinearity is inside the sector (a,P}, and if the 
frequency response of the linear part Huwj avoids the 
critical region in the complex plane, i.e., if the Nyquist plot 
of How) does not enter or encircle the critical region (circle 
or half plane). 
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IV. STABILITY ANALYSIS AND CONTROLLER 1)ESICN 
BASED ON THE CIRCLE CRITERION 

In this section we show how the circle criterion can be 
used for the assessment of the voltage loop's stability and 
for the design of a linear compensator that provides a fast 
dynamic response of the voltage loop. In order to show the 
versatility of the proposed controller design method, the 
procedure is demonstrated on two examples. In the first 
example, the expansion of the voltage loop bandwidth of a 
digitally controlled universal PFC rectifier is enabled using a 
self-tuning digital comb filter (STCF) [IO]. In the second 
example, the expansion is made possible though utilization 
of a dead-zone in analog-to-digital conversion [ I  I]. 

In both cases, the design procedure consists of three main 
steps. First a separation of the system into nonlinear and 
linear parts is performed, then the critical sector and the 
corresponding critical region are defined, and finally through 
the compensator design, the frequency response of the linear 
part is shaped to avoid the critical region and to provide a 
fast response of the system. 

A. Fast voltage loop with STCF 
A large signal model of the system under consideration is 
shown in Fig. 3. A self-tuning comb filter, which eliminates 
the ripple components at twice the line frequency and the 
harmonics, is inserted in the voltage loop. The magnitude 
and phase characteristics of the STCF are also shown in 
Fig. 3. 

. .., 
stcf - magnitude and phase characteristics 

I-,_ 

Fig.3 Voltage Imp of a PFC with STCF for ripple elimination 
[IO]; Top: functional block diagram; Bottom: frequency response 

of the STCF. 

Based on the output voltage ripple, the filter automatically 
tunes frequencies with maximal attenuation (notches) to 
match the frequency of the output voltage ripple. As a result, 
a ripple-free signal is e< is obtained at the input of the 
voltage loop compensator G&). 

I) Separation of the y t e m  

In order to analyze this system and obtain a structure similar 
to the one shown in Fig. 2, the system of Fig. 3 is redrawn 
and separated into linear and nonlinear parts, as shown in 
Fig. 4. 

The nonlinear part is obtained by replacing the power 
source of the input port with a voltage-controlled current 
source: 

where it is assumed that the DC value of the output voltage 
V,., is much larger than the ripple component. It is also 
assumed that the instantaneous power delivered by the input 
port i s  equal to the valiie @ ( t ) ) ~ .  obtained by averaging over 
a switching period [I]. 

The linear part of the system consists of a parallel 
connection of the output load and the output filter capacitor, 
the STCF filter for ripple elimination, the voltage loop 
compensator G,. 

2) Determination of tht, Critical Sector 

A critical sector thst describes the nonlinear part of the 
system (the current source ipJ is defined by two 
nonlinearities: a time-varying gain sin2(@) and a 
nonlinearity caused b) the variable magnitude of the input 
signal V, which for urliversal-input PFC rectifiers can span 
a range of more than :I to 1. The critical sector for the first 
nonlinearity {al,BI) is only limited by the value ofsin2(w), 
which varies between 0 and I .  Hence, the sector {ccl.PI) is 
{O,l}. The boundaries of the second critical sector are 
defined by the mininium and the maximum rms voltage 

, ..."..,-_ln"~~.., . . ,  
noniimar time-varykg (N) ,' Linem time-invariant . .  

1 .  . 
, .... 

Fig.4 Separation ofihe I'FC'r voltage Imp with STCF into nonlinear 
and linear pam 
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values in universal-input PFC rectifiers (Vmi.= SO V,, and 
V,,= 260 Vrms). Therefore, the second critical sector is 

In accordance with the results given in Section 111, the 
system can be described with the product sector (a$}: 

Also, from the results given in Section 111, it can be seen that 
the critical sector forms a half-plane, bounded on the left- 
hand side by the vertical line passing through the point (- 
(R,V,,,d(2Vpm2)), 0), as shown in Fig. 5.  

3) Stability Assessment and Voltage Loop Cornpenrator 
Design 

The design of the compensator is performed in the 
complex plane of Fig. 5. In this plane, with the critical 
region determined in Step 2, the Nyquist plot of the linear 
part is constructed. 

The compensator design is performed by having in mind 
two goals: first to avoid the critical region, and second to 
provide a fast response by keeping the “instantaneous loop 
gain” larger than one, during the largest portion of the line 
voltage period. 

The transfer function ofthe linear part is defined as 

W j a )  = G,(jw)H,( jm),  (7) 

where Hc&o) is the continuous time equivalent of the 
discrete-time transfer function of the digital comb filter, 

The continuous time equivalent of (8) is obtained by 
substituting z with el”, where o = 2$x, and f; is the 
sampling frequency of the STCF. 

The voltage loop compensator was designed by creating a 
digital equivalent of the continuous time compensator using 
digital redesign [13], 

(9) 

The transformation of the analog compensator into its digital 
form is obtained using the pole-zero matching method [13]. 

The gain K,,, and the frequency of the compensator’s zero 

Fi 
Fig.5 Nyquist plot ofthe linear pa13 ofthe system in Fig. 4, together 

with the critical region. 
f, = a& are adjusted to provide stable operation and fast 
transient response of the voltage loop. 

As shown in Fig. 5 ,  the stability is provided by placing the 
Nyquist plot of HGw) to the right from the vertical line 
-R,V,,J(2Vgma2), while the fast response is achieved by 
adjusting the magnitude of the frequency response at twice 
the line frequency M ( 2 4  to be greater than 
(R,V,.J(2\12 VEm,.2)).’. As a result, the “instantaneous loop 
gain” is greater than one during the largest portion of the 
line period, even in the case when the PFC operates at the 
lowest line voltage of 80 Vmv 

B. Fast voltage loop design for a “dead-zone” controller 
In this section, we show how the design method based on 

the circle theorem can be used for the design and analysis of 
a fast voltage loop using the “dead-zone” controller 
described in [ I  I]. In this digital technique, which is similar 
to analog methods based on a regulation band circuit [7], the 
output ripple elimination is accomplished through the 
utilization of a non-sensitive (“dead”) zone in the analog to 
digital conversion. 

In this system, a block diagram of which is shown in 
Fig. 6, the output voltage ripple is eliminated by setting the 
A-to-D quantization step V, to be larger than the amplitude 
of the ripple. 

The use of the A-to-D with lower resolution in this 
application introduces an additional gain into the feedback 
loop, which can be approximately characterized with the 
describing function [I41 as shown in Fig. 7. The describing 
function shows that the effective gain of the analog to digital 
converter depends on the amplitude of the input signal. The 
gain varies between 0 and 4/n. 

Since the placement of the A-to-D in this nonlinear system 
cannot be changed, in order to obtain a structure similar to 
the one shown in Fig. 2, a worst-case design approach can be 
adopted. The A-to-D can he replaced with a block that has a 
constant (maximum) gain of 4/n, and the system can be 
separated into linear and nonlinear parts shown in FigS. 
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Fig.6 Block diagram ofthe PFC with the "dead-zone" wide bandwidth 
voltage loop controller [ I  I]. 

Fig7 Describing function ofthe analog-tc-digital converter. 

Atter the system separation is performed, the determination 
of the critical region and the design of a fast controller can 
be performed in the same way as in the example of Section 
1V.A. The critical region, as well as the form of the voltage 
loop compensator (S), are the same. In comparison with the 
previous case, only the coefficients of the compensator need 
to be changed in accordance with the change of the 
characteristics of the linear part of the system. Again, in 
order to provide stable operation and fast dynamic response, 
the coefficients of the controller are adjusted to provide a 
frequency response of the system that avoids the critical 
region and provides loop gain larger than one during the 
largest portion of the line voltage. 

V. EXPERIMENTAL SYSTEM AND RESUI.TS 

Both controllers described in Section IV have been tested 
on a 300 W boost-based completely digitally controlled PFC 
system, a block diagram of which is shown in Fig. 9. The 
system is controlled using an Analog Devices ADMC-401 

Fig.8 Separation ofthe voltage loop of  the syrtem in Fig. 6 into 
noitlinear and linear p m  

DSP evaluation board md it operates at 200 lrHz switching 
frequency. 

In the first experimental set-up the self-tuning comb filter 
was implemented in thc: voltage loop, and a fast voltage loop 
controller is designed :Tollowing the procedure described in 
Section 1V.A. Then, the characteristics of the system are 
tested through load transient experiments. 

The experimental results are shown in Fig. IO. It can be 
seen that the method provides stable operation and fast 
response of the voltage loop to load transients. 

In the second experimental set-up, requiring only a simple 
change of the DSP's code, the STCF is excluded from the 
voltage loop, and a dea.d-zone controller described in [ l l ]  is 
implemented. The load transient experimental results of this 
experiment are shown in Fig. 11. The experimental results 
again show fast transimt response and stabile operation of 
the experimental system. 

DSP - Evaluation Board 

Fig.9 Experimentil digitally-conuolled 300 W boost PFC 
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Fig.10 Load transient response of the fast voltage loop with STCF: 
Ch-l(top) output voltage; (Ch-2) load change between 100 watts and 
200 watts; (Ch-4) input current. 
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Fig.1 I Load transient response of the fast voltage loop with the 
dead-zone controller: Ch-l(top) o u t p ~ t  voltage: (Ch-2) load change 
between 100 watts and 200 watts; (Ch-4) input current. 

VI. CONCLUSION 

A new method for stability analysis of a fast voltage loop 
controller in PFC application is presented and a set of 
guidelines for the design and implementation of a fast 
voltage loop compensator are given. The method, which 
follows directly from the circle theorem [12], is simple to 
use and is capable of guaranteeing the system stability under 
all operating conditions. 

The proposed stability analysis and voltage loop design 
guidelines can be used with many different techniques for 
elimination of the influence of the output voltage ripple on 
the voltage loop. 

The versatility of the method is demonstrated through two 
examples that employ different techniques for ripple 

elimination: a comb filter [IO], or a dead-zone in analog-to- 
digital conversion [ 111. In both cases, the experimental 
results show fast and stable operation of the voltage loop and 
verify validity of the proposed method. 
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